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Abstract The complex Ginzburg-Landau equation (CGLE) is a general model
of spatially extended nonequilibrium systems. In this paper, an analytical
method for a variable coefficient CGLE is presented to obtain exact solu-
tions. Variable transformations for space and time variables with coefficient
functions yield an imaginary time advection equation related to a complex
valued characteristic curve. The variable coefficient CGLE is transformed into
the nonlinear Schr”ødinger equation (NLSE) on the complex valued charac-
teristic curve. This result indicates that the analytical solutions of the NLSE
generate that of the variable coefficient CGLE.
Keywords Complex Ginzburg-Landau equation · Variable coefficient ·
Imaginary time advection equation · The method of characteristics
1 Introduction
The complex Ginzburg-Landau equation (CGLE) is a general model of spa-
tially extended nonlinear dissipative systems [1,2], such as, fluid convections [3],
fiber optics [4], chemical reactions [5] and biological systems [6]. Near the prin-
cipal Hopf-bifurcation point of the governing equation, the method of multiple
scales provides the CGLE as a slowly varying amplitude equation, which de-
scribes both amplitude and phase dynamics on a carrier wave [7]. Thus the
solutions of the CGLE have been studied to understand the nature of nonlinear
dissipative systems.
The analytical methods for solving nonlinear wave equations have been
developed, especially for the nonlinear Schro¨dinger equation (NLSE), which
is obtained as the non-dissipation limit of the CGLE [2]. Since the NLSE is
a class of integrable systems, sophisticated analytical methods give the exact
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solutions: the inverse scattering method serves as a prescription for the ini-
tial value problem of the NLSE [8]; the Hirota’s bilinear method introduces
algebraic procedures to obtian the special solutions of the NLSE [9]. Although
the CGLE is not an integrable system, Bekki and Nozaki derived analytical
solutions by developing a modification of the Hirota’s bilinear method [10].
Related to the CGLE and NLSE, nonlinear wave equations with variable
coefficients have attracted the attention of researchers recently. In the area of
the Bose-Einstein condensation, the dynamics of macroscopic wave functions
are described by the NLSE with a potential function, which is known as the
Gross-Pitaevskii equation (GPE) [11]. For specific forms of the potential func-
tions the Hirota’s bilinear method provides special solutions of the GPE [12].
A closed form of the parameter functions of the elliptic function is introduced
to obtain a periodic function of the GPE [13,14]. The amplitude modulation
of plasma systems, where an electron beam is injected under a high-frequency
electric field, is desciribed by the NLSE with time-dependent coefficients [15].
A similar variable coefficient NLSE was presented as a model of impulse trans-
mission in inhomogeneous optical fiber [16]. These variable coefficient NLSEs
were solved in terms of sets of ordinary differential equations induced from
appropriate ansatz. As is often used as a general model of dissipative signal
propagations in optical fiber, the CGLE with time-dependent coefficient func-
tions has been introduced to describe laser dynamics in optical fiber [17,18,19,
20]. The modified Hirota’s bilinear method with a family of time-dependent
functions has been introduced to obtain the analytical solutions of the CGLE
with time-dependent coefficients.
This paper presents an analytical method to solve the CGLE with space-
and time-dependent variable coefficients by using the method of change of vari-
ables. From this method, an imaginary time advection equation is derived and
provides a characteristic curve on which the variable coefficient CGLE is trans-
formed into the NLSE. Solvable conditions of the variable coefficients CGLE
are introduced, related to the imaginary time advection equation. An example
of transformed coefficients is demonstrated and related physical systems are
discussed. Finally the conclusion of this paper is provided.
2 Formal solutions of the variable coefficient complex
Ginzburg-Landau equation
The CGLE is derived from nonlinear partial differential equations govern-
ing the dynamics of dissipative systems, based on the assumption that the
spatiotemporal dynamics can be described by slow amplitude dynamics on
carrier waves. In order to incorporate the effects of inhomogeneity in media
and temporal modulation, space- and time-dependent variable coefficients are
introduced into the CGLE in the form:
i
∂ψ
∂t
+ p(x, t)
∂2ψ
∂x2
+ q(x, t)|ψ|2ψ = [−ω(t) + iγ(t)]ψ, (1)
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where ψ(x, t) is a complex valued field function of the space x and time t
variables. The coefficient functions p(x, t) and q(x, t) are given by p(x, t) =
pr(x, t) + ipi(x, t) and q(x, t) = qr(x, t) + iqi(x, t), where pr(x, t), pi(x, t),
qr(x, t), qi(x, t), γ(t), and ω(t) are real valued functions. It is assumed that
p(−x, t)q(−x, t) = p(x, t)q(x, t). In the literature of nonlinear wave theory,
p(x, t), q(x, t), γ(t), and ω(t) correspond to linear dispersion and dissipation,
nonlinear saturation, linear gain or loss, and frequency modulation coefficients,
respectively.
Hereafter, the analytical procedure of deriving formal solutions of the vari-
able coefficient CGLE is demonstrated by means of variable transformations
and the method of characteristics.
2.1 Variable transformations
To begin, the complex valued field function ψ(x, t) is transformed into
ψ(x, t) = exp[Γ (t) + iΩ(t)]ϕ(x, t), (2)
where Γ (t) and Ω(t) are defined by
Γ (t) =
∫ t
γ(t′)dt′, (3)
Ω(t) =
∫ t
ω(t′)dt′. (4)
Substituting Eqs. (2), (3) and (4) into Eq. (1) with a transformed variable
τ =
∫ t
q(x, t′)e2Γ (t
′)dt′ (5)
and a transformed coefficient function
r(x, t)2 =
p(x, t)
q(x, t)
e−2Γ (t), (6)
a variable coefficient NLSE is obtained as
∂ϕ
∂τ
+ r(x, τ)2
∂2ϕ
∂x2
+ |ϕ|2ϕ = 0, (7)
where r(x, τ) is the expression of r(x, t) with respect to τ . If the x-derivative
operator with the coefficient function r(x, τ) is transformed into that with a
constant parameter, Eq. (7) is reduced to the integrable NLSE.
In order to obtain variable transformations which reduce Eq. (7) to the
integrable NLSE, a complex valued characteristic curve is introduced. Sup-
pose ξ(x, τ) is a transformed variable satisfying an imaginary time advection
equation
i
∂ξ
∂τ
−
[
1
2
∂
∂x
r(x, τ)2
]
∂ξ
∂x
= 0. (8)
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On the characteristic curve of Eq. (8), the variable coefficient NLSE in Eq. (7)
is transformed into
∂ϕ
∂τ
+
(
r(ξ, τ)
∂ξ
∂x
∂
∂ξ
)2
ϕ+ |ϕ|2ϕ = 0. (9)
Introducing the variable transformation as
η =
∫ ξ 1
r(ξ′, τ)
(
∂ξ′
∂x
)
−1
dξ′ (10)
for Eq. (9) yields the NLSE with respect to η and τ as
∂ϕ
∂τ
+
∂2ϕ
∂η2
+ |ϕ|2ϕ = 0. (11)
Since the solutions of the NLSE have been presented by various methods, the
inverse variable transformations with the solutions of Eq. (11) provide the
corresponding solutions of the variable coefficient CGLE in Eq. (1).
2.2 Solvable condition of the imaginary time advection equation
If the imaginary time advection equation in Eq. (8) is solved, the corresponding
characteristic curve is obtained. However, that is quite a difficult task, because
the velocity term depends on both x and t. Hereafter, a solvable condition of
the imaginary time advection equation is introduced, which enables derivation
of the a closed form of the transformed variables.
Suppose p(x, t) and q(x, t) are given by
p(x, t) = Xp(x)Tp(t), (12)
q(x, t) = Xq(x)Tq(t), (13)
where Xl(x) and Tl(t) (l = p, q) are x- and t-dependent functions, respectively.
With Eqs. (5), (12) and (13), the imaginary time advection equation in Eq. (8)
is rewritten as
i
Tp(t)
∂ξ
∂t
− 1
2
Xq(x)
∂
∂x
(
Xp(x)
Xq(x)
)
∂ξ
∂x
= 0. (14)
By the method of characteristics [21], the corresponding characteristic equa-
tions are derived as
dt
ds
= − i
Tp(t)
, (15)
dx
ds
= −1
2
Xq(x)
∂
∂x
(
Xp(x)
Xq(x)
)
, (16)
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where s is an auxiliary variable of the characteristic curve. From Eqs. (15) and
(16), the characteristic curve is derived as
κ = −
∫ x 2
Xq(x′)
[
∂
∂x
(
Xp(x
′)
Xq(x′)
)]
−1
dx′ + i
∫ t
Tp(t
′)dt′, (17)
and thus the solution of the imaginary time advection equation is obtained as
ξ(x, t) = ξ0(κ), (18)
where ξ0(·) is an appropriate initial function of Eq. (8). In addition, if Xq(x)
is constant, the transformed variable η is evaluated simply as
η =
∫ x dx′
r(x′, τ)
(19)
by the inversion function theorem. Under these solvable conditions, the specific
forms of transformed variables can be calculated.
3 Review of exact solutions of the nonlinear Scro¨dinger equation
In order to apply the proposed method in the previous section, the exact
solutions of the NLSE are reviewed here. The NLSE can be solved analytically
by means of the Hirota’s bilinear method. The D-operator for differentiable
functions f(z) and g(z) is defined by [9]
Dz(f ·g) =
[
∂f(z)
∂z
g(z′)− f(z)∂g(z
′)
∂z′
]
z′=z
. (20)
The complex valued field function ϕ(η, τ) is assumed to be the rational of real
F (η, τ) and complex G(η, τ) functions as
ϕ(η, τ) =
G(η, τ)
F (η, τ)
. (21)
The following relations between partial derivatives and D-operators
∂ϕ
∂τ
=
Dτ (G·F )
F 2
, (22)
∂2ϕ
∂η2
=
D2η(G·F )
F 2
− D
2
η(F ·F )
GF
(23)
for Eq. (11) yield the bilinear forms with respect to F and G as
Dτ (G·F ) +D2η(G·F ) = λGF, (24)
D2η(F ·F )− |G|2 = λF 2, (25)
where an arbitrary function λ(η, τ) is introduced to incorporate the effect of
boundary conditions in the bilinear forms in Eqs. (24) and (25). The special
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solutions of the NLSE are obtained from algebraic procedures for the bilinear
forms.
Suppose F and G are expanded with respect to an infinitesimal parameter
ǫ as
F = 1 + ǫ2F2 + ǫ
4F4 + · · ·, (26)
G = ǫG1 + ǫ
3G3 + · · ·. (27)
Substituting Eqs. (26) and (27) into Eqs. (24) and (25) generates an ǫ-hierarchy
of the bilinear forms. Although the perturbation expansions in Eqs. (26) and
(27) are infinite series, the ǫ-hierarchy of the bilinear forms are truncated at
a finite order. In particular, the one soliton solution is immediately obtained
under λ = 0 as follows:
ϕ(η, τ) = Asech(Kη − V τ)eiθ0 , (28)
where A, K, V , and θ0 are constant parameters. Since the NLSE describes
the propagating envelope of a carrier wave, the soliton solution in Eq. (28) is
called an envelope soliton solution.
The NLSE has a rational function solution [22]. Suppose F and G in
Eq. (21) are polynomial functions of x and t, so their coefficients are deter-
mined sequentially by direct substitution. Depending on the highest order of
the polynomials, the rational function solutions of the NLSE exhibit different
forms. The possible lowest order polynomials of F and G yield the following
rational function solution
ϕ(η, τ) =
[
1− 4(1 + 2iτ)
1 + 4η2 + 4τ2
]
eiτ . (29)
The spatiotemporally localized soliton in Eq. (29) is known as the Peregrine
soliton, which is used as a mathematical model of rogue waves and freak
waves [23,24].
In addition, a periodic wave motion is derived from the NLSE [25,26]. To
obtain an oscillating solution an ansatz is introduced as follows:
ϕ(η, τ) = [ρ(η, τ) + σ(τ)] eiθ(τ), (30)
where ρ(η, τ) is a complex valued function, σ(τ) and θ(τ) are real valued func-
tions. Substituting the ansatz in Eq. (30) into the NLSE in Eq. (11) provides
the set of differential equations with respect to ρ, σ and θ. Through a cumber-
some calculation under appropriate assumption of integrals, a periodic solution
is obtained as
ϕ(η, τ) =
cos(
√
2η) + i
√
2sinhτ
cos(
√
2η)−√2coshτ e
iτ . (31)
This periodic solution shows breathing of a localized wave, whereby it is called
the Akhmediev breather.
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4 Example of variable transformations
Without loss of generality, an example of the variable transformations is demon-
strated. In this case, all of the coefficient functions in Eq. (1) are given by
elementary functions as follows:
p(x, t) = (1 + x2)(1 + t), (32)
q(x, t) =
1
1 + t
, (33)
γ(t) =
1
1 + t
, (34)
ω(t) = 1 + cost. (35)
Although these coefficient functions do not originate from real physical sys-
tems, spatiotemporal modulations are often modelled by elementary functions.
In terms of the above coefficient functions, transformed functions and variables
are derived as
Γ (t) = log(1 + t), (36)
Ω(t) = t+ sint (37)
and
ξ(x, t) = −1
2
log|x|+ i
(
t+
1
2
t2
)
, (38)
η(x) =
1
2
log|x|, (39)
τ(t) = t+
1
2
t2. (40)
In this case, η depends only on x because Tp(t) = Tq(t)e
2Γ (t) is satisfied. By
substituting η(x) and τ(t) into the solutions of the NLSE presented in the
previous section, the corresponding solutions of the variable coefficient CGLE
can be obtained.
This example is rather simple in order to demonstrate how to obtain the
solution of the variable coefficient CGLE. Of course, the proposed method can
be utilized for other coefficient functions with numerical computations, beyond
this case in which the variable transformations are completed analytically.
5 Related physical models
In the previous section an example of the transformed variables was demon-
strated. The coefficient functions were selected merely for simple calculations.
In this section, coefficient functions related to real physical systems have been
proposed in the area of plasma, fluid, and optical systems.
Plasma systems are governed by electro-magnetic fluid equations. As a
slowly varying amplitude equation, the NLSE is derived from the original
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equations. To incorporate inhomogeneity of media into slow dynamics, a vari-
able coefficient NLSE has been proposed [15]. The proposed variable coefficient
NLSE with reversion of independent variables is of the form:
i
∂ψ
∂t
+ p(t)
∂2ψ
∂x2
+ q(t)|ψ|2ψ = 0, (41)
where p(t) and q(t) are real valued functions. The same model was used to
describe chirp signal emissions in optical fibers [19].
Related to Eq. (41), a variable coefficient CGLE has been introduced as a
model of Taylor instabilities or electron-beam plasma waves as follows [16]:
i
∂ψ
∂t
+ p
∂2ψ
∂x2
+ q(t)|ψ|2ψ = (ω + iγ)ψ, (42)
where q(t) is a real valued function, and p, γ and θ are constant real param-
eters. By the transformations in Eqs. (2), (3) and (4), it is confirmed that
Eqs. (41) and (42) are congruent.
In the inhomogeneous optical fiber, the dynamics of the optical pulse prop-
agation is described by the following variable coefficient CGLE:
i
∂ψ
∂t
−
[
1
2
pr(t) + ipi(t)
]
∂2ψ
∂x2
+ [qr(t)− iqi(t)] |ψ|2ψ = iγ(t)ψ, (43)
where pr(t), pi(t), qr(t), qi(t), and γ(t) are real valued functions. Note that in
the original system x and t in Eq. (43) denote time and space, respectively.
Since all the physical models in this section are special cases of the variable
coefficient CGLE in Eq. (1), the proposed analytical method can be applied
to obtain the solutions of those models.
6 Conclusion
In this paper, the analytical method for solving the variable coefficient CGLE
is presented. On the characteristic curve, which makes the imaginary time
advection equation invariant, the variable coefficient CGLE is transformed
into the NLSE with respected to the transformed variables. Also, the solvable
condition for the imaginary time advection equation is introduced in order to
obtain the characteristic curve analytically. An example of the coefficient func-
tions is demonstrated for yielding a closed form of the transformed variables
without loss of generality. It is confirmed that the related physical models are
special cases of the variable coefficient CGLE considered in this paper.
On the other hand, a space-dependent coefficient function for the linear
term was not considered. That means, as a model of the Bose-Einstein con-
densation, Eq. (1) is not applicable to describe the spatiotemporal dynamics
of macroscopic wave functions. Incorporating such effect into the variable co-
efficient CGLE is a future work.
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